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Abstract. We investigate BB¯ systems by computing potentials of two static quarks in the
presence of two quarks of finite mass using lattice QCD. By solving the Schro¨dinger equation
we check whether these potentials are sufficiently attractive to host bound states. Particular
focus is put on the experimentally most promising bottomonium-like tetraquark candidate Z±b
with quantum numbers I(JP ) = 1(1+).
1. Motivation
Quite a number of mesons observed experimentally (e.g. at LHCb and Belle) are theoretically
not well understood yet. One example is the charged bottomonium-like Z±b (cf. e.g. [1]). It
contains a bb¯ pair, which one can infer from both its mass and decay products. Because it
carries electromagnetic charge, there must be additional quarks, most likely a light quark-
antiquark pair, i.e. the minimal quark content of Z±b is bb¯ud¯/bb¯du¯. Such four-quark states are
of particular interest because most observed mesons can be described within the quark model
using only a quark-antiquark pair. For this reason, four-quark states are the subject of many
recent experimental and theoretical investigations.
In the following, we investigate the Z±b assuming a four-quark structure bb¯ud¯ using lattice
QCD. We approximate the heavy quarks b and b¯ by infinitely heavy static quarks Q and Q¯.
We compute the potentials of the static quarks in the presence of the light quarks, which can
be interpreted as the potentials of a B and a B¯ meson. To check whether the four quarks may
form a bound state, we use the Born-Oppenheimer approximation, i.e. we solve the Schro¨dinger
equation with the computed potentials.
For similar studies of static-light BB systems within the same lattice QCD setup, cf.
[2, 3, 4, 5, 6, 7, 8, 9]. Other papers studying pairs of static-light mesons with similar methods
include [10, 11, 12, 13, 14, 15, 16].
2. The bb¯ud¯ four-quark system – qualitative discussion and expectations
The bb¯ud¯ four-quark system can be characterized by the separation r of the static quark b ≡ Q
and the antiquark b¯ ≡ Q¯, by parity P , total angular momentum J and isospin I. Since we
consider static b quarks, i.e. b ≡ Q and b¯ ≡ Q¯, the bb¯ separation is also a quantum number.
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Moreover, since the static quark spin decouples from the Hamiltonian, both the light total
angular momentum j and the static quark spin jb (j + jb = J) are separately conserved.
An experimentally very interesting case is the recently measured Z±b with quantum numbers
I(JP ) = 1(1+). Isospin I = 1 and positive electric charge is realised by light quark flavours ud¯.
Parity P = + is consistent with a possible loosely bound BB¯ structure, since both B and B¯
have P = − and hence in combination result in P = +. Numerically, we find most evidence
for a four-quark bound state when total light angular momentum j = 0 (cf. section 3). Due
to degeneracy with respect to the static quark spin jb, the total angular momentum can either
be J = 0 or J = 1, i.e. all our statements apply to a bb¯ud¯ four-quark system not only with
I(JP ) = 1(1+), but also with I(JP ) = 1(0+).
States within the I(JP ) = 1(1+) sector might have different structures including the following.
• A bound four-quark state made of a loosely bound BB¯ meson pair (a so-called mesonic
molecule), referred to as BB¯.
• A bound four-quark state made of a diquark and an anti-diquark.
• A two-meson state made of a B meson and a far separated B¯ meson. Because the structure
of the corresponding four-quark creation operator is the same as for the loosely bound BB¯
meson pair (cf. eq. (2) below), this case is also referred to as BB¯.
• A two-meson state made of a bottomonium state and a far separated pion pi+. In the
static approximation, a bottomonium state is realized by the static quark Q and the static
antiquark Q¯ connected by a gluonic string. We refer to this case as QQ¯+ pi.
At small separations r, the ground state is QQ¯+ pi, while at large separations r the ground
state is BB¯. Using lattice QCD we investigate in the next section whether for small separations
r there is a first excitation below the BB¯ threshold that has a structure dominated by a four-
quark bound state. A first excitation with such properties is an important prerequisite for a
bb¯ud¯ bound state. Whether such a bb¯ud¯ bound state does indeed exist requires further analysis
also discussed in the next section (using the Born-Oppenheimer approximation, solving the
Schro¨dinger equation).
3. Lattice QCD computation of the QQ¯ potential in the presence ud¯
We start by discussing suitable creation operators Oj that generate field excitations, which are
similar to the four-quark states of interest. The correlation functions of these operators at large
temporal separation provide low-lying masses, which can be interpreted as potentials V0(r),
V1(r), ..., because the operators Oj and thus also the masses depend on the QQ¯ separation r.
The correlation functions read
Cjk(t) = 〈Ω| O†j(t)Ok(0) |Ω〉 ≈
large t
A0jk exp (−V0(r)t) +A1jk exp (−V1(r)t) + . . . . (1)
The creation operators we have currently implemented are one that excites a BB¯ state and
another that excites a QQ¯+ pi state:
O0 ≡ OBB¯ = ΓABΓ˜CDQ¯aC(~x)qaA(~x)q¯bB(~y)QbD(~y), (2)
O1 ≡ OQQ¯+pi = Q¯aA(~x)Uab(~x, t; ~y, t)Γ˜ABQbB(~y)
∑
~z
q¯cC(~z) (γ5)CD q
c
D(~z), (3)
with |~x− ~y| = r. Γ˜ appearing in both operators is a combination of Dirac matrices that realizes
either jb = 0 or jb = 1. It does not affect the potentials Vj(r) since the spin of the heavy quarks
is irrelevant as explained above. The matrix Γ is a combination of Dirac matrices leading to
the same quantum numbers (jz, P ◦ C,Px) as the QQ¯ + pi operator (3) (for details on (jz, P ,
β lattice size aµl a in fm mpi in MeV # of configurations
3.90 243 × 48 0.0085 0.079 480 100
Table 1. Parameters of the gauge link configurations; β: inverse gauge coupling; aµl: bare u/d
quark mass; a: lattice spacing; mpi: pion mass.
C, Px), cf. e.g. [9]). Among the possible choices for Γ, the combination Γ = γ5 − γ0γ5 yields
the strongest QQ¯ attraction, if one takes into account only the operator OBB¯. Therefore, we
consider this combination as the most promising for further analysis. Uab(~x, t; ~y, t) denotes a
product of gauge links connecting the two static quarks.
At the moment, we have performed computations of the correlation functions Cjk(t) only
on a single enesemble of gauge link configurations generated by the European Twisted Mass
Collaboration (ETMC) with 2 dynamical quark flavours (for details cf. Table 1). To improve
statistical accuracy, we have averaged these correlation functions with respect to the symmetries:
time-reversal, parity, charge conjugation, γ5-hermiticity and cubic rotations.
In particular, the extraction of the energy of the first excited state V1(r) is a numerically
rather challenging task, which we do by solving a generalized eigenvalue problem (GEP) (cf. [17]
and references therein).
Figure 1 shows QQ¯ud¯ potentials obtained via the GEP from our correlation matrix (1) as
well as the ordinary static QQ¯ potential (obtained from standard Wilson loops). The blue curve
corresponds to the ground state V0(r) (obtained from the full 2 × 2 matrix). By comparing
with the ordinary static QQ¯ potential, one can clearly see that it is just shifted by the pion
mass ampi ≈ 0.2) indicating that the ground state of our four quark system is of the QQ¯ + pi
type (this is also supported by the eigenvectors obtained from the GEP). While the red curve
corresponds to the first excitation V1(r) (obtained from the full 2 × 2 matrix), the green curve
is the result obtained from a single correlation function, the correlation function of the operator
OBB¯, i.e. from C00(t). The fact that the green curve is similar to, but somewhat below the red
curve suggests that the first excitation V1(r) is predominantly of BB¯ type (the operator OBB¯
seems to generate mostly the first excitation, but also a non-vanishing ground-state overlap).
This attractive potential V1(r) is a potential candidate to host a four-quark bound state.
4. Solving the Schro¨dinger equation to check for a bound state
To check for a four-quark bound state and, if present, to obtain its binding energy −EB, we
solve the s-wave Schro¨dinger equation(
− 1
2µ
d2
dr2
+ U(r)
)
R(r) = EBR(r), with U(r) = V (r)
∣∣∣
V0=0
and µ = mb/2. (4)
V denotes an analytic parameterization of our lattice QCD result for V1(r) (red points in
Figure 1) obtained by fitting
V (r) = V0 − α
r
exp(−(r/d)2) (5)
with respect to V0, α and d. The existence of a four-quark bound state, i.e. a tetraquark, is
indicated by EB < 0. For more details on the extraction of the binding energy in this so-called
Born-Oppenheimer approximation, cf. [8].
Determining V1(r) from the GEP using different t ranges and performing several fits of (5)
with different r ranges allows to estimate both EB and and its uncertainty,
EB = (−58± 71) MeV.
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Figure 1. QQ¯ud¯ potentials and the QQ¯ potential (cf. the text for details).
This negative value provides first indication of the existence of an I(JP ) = 1(1+) bb¯ud¯ tetraquark
using lattice QCD with infinitely heavy b quarks and the Born-Oppenheimer approximation. Our
findings are consistent with the experimentally observed Z±b states.
5. Outlook
The analysis presented above is very preliminary. In the near future, we plan for example
to increase statistical precision and to extend our computations to lighter u/d quark masses.
Moreover, it will be interesting to explore also other I(JP ) sectors. Finally, the spin of the heavy
quarks should be included as e.g. pioneered in [7].
Acknowledgments
P.B. thanks IFT for hospitality and CFTP, grant FCT UID/FIS/00777/2013, for support.
A.P. and M.W. acknowledge support by the Emmy Noether Programme of the DFG (German
Research Foundation), grant WA 3000/1-1.
This work was supported in part by the Helmholtz International Center for FAIR within the
framework of the LOEWE program launched by the State of Hesse.
Calculations on the LOEWE-CSC high-performance computer of Johann Wolfgang Goethe-
University Frankfurt am Main were conducted for this research. We would like to thank
HPC-Hessen, funded by the State Ministry of Higher Education, Research and the Arts, for
programming advice.
References
[1] A. Bondar et al. [Belle Collaboration], “Observation of two charged bottomonium-like resonances in Y (5S)
decays,” Phys. Rev. Lett. 108, 122001 (2012) [arXiv:1110.2251 [hep-ex]].
[2] M. Wagner [ETM Collaboration], “Forces between static-light mesons,” PoS LATTICE2010, 162 (2010)
[arXiv:1008.1538 [hep-lat]].
[3] M. Wagner [ETM Collaboration], “Static-static-light-light tetraquarks in lattice QCD,” Acta Phys. Polon.
Supp. 4, 747 (2011) [arXiv:1103.5147 [hep-lat]].
[4] P. Bicudo and M. Wagner, “Lattice QCD signal for a bottom-bottom tetraquark,” Phys. Rev. D 87, 114511
(2013) [arXiv:1209.6274 [hep-ph]].
[5] B. Wagenbach, P. Bicudo and M. Wagner, “Lattice investigation of heavy meson interactions,” J. Phys. Conf.
Ser. 599, 012006 (2015) [arXiv:1411.2453 [hep-lat]].
[6] P. Bicudo, K. Cichy, A. Peters, B. Wagenbach and M. Wagner, “Evidence for the existence of udb¯b¯ and the non-
existence of ssb¯b¯ and ccb¯b¯ tetraquarks from lattice QCD,” Phys. Rev. D 92, 014507 (2015) [arXiv:1505.00613
[hep-lat]].
[7] J. Scheunert, P. Bicudo, A. Uenver and M. Wagner, “Refined lattice/model investigation of udb¯b¯
tetraquark candidates with heavy spin effects taken into account,” Acta Phys. Polon. Supp. 8, 363 (2015)
[arXiv:1505.03496 [hep-ph]].
[8] A. Peters, P. Bicudo, K. Cichy, B. Wagenbach and M. Wagner, “Exploring possibly existing qqb¯b¯ tetraquark
states with qq = ud, ss, cc,” arXiv:1508.00343 [hep-lat].
[9] P. Bicudo, K. Cichy, A. Peters and M. Wagner, “BB interactions with static bottom quarks from Lattice
QCD,” Phys. Rev. D 93 (2016) 034501 [arXiv:1510.03441 [hep-lat]].
[10] C. Stewart and R. Koniuk, “Hadronic molecules in lattice QCD,” Phys. Rev. D 57, 5581 (1998) [arXiv:hep-
lat/9803003].
[11] C. Michael and P. Pennanen [UKQCD Collaboration], “Two heavy-light mesons on a lattice,” Phys. Rev. D
60, 054012 (1999) [arXiv:hep-lat/9901007].
[12] M. S. Cook and H. R. Fiebig, “A lattice study of interaction mechanisms in a heavy-light meson meson
system,” arXiv:hep-lat/0210054.
[13] T. Doi, T. T. Takahashi and H. Suganuma, “Meson meson and meson baryon interactions in lattice QCD,”
AIP Conf. Proc. 842, 246 (2006) [arXiv:hep-lat/0601008].
[14] W. Detmold, K. Orginos and M. J. Savage, “BB potentials in quenched lattice QCD,” Phys. Rev. D 76,
114503 (2007) [arXiv:hep-lat/0703009].
[15] G. Bali and M. Hetzenegger, “Static-light meson-meson potentials,” PoS LATTICE2010, 142 (2010)
[arXiv:1011.0571 [hep-lat]].
[16] Z. S. Brown and K. Orginos, “Tetraquark bound states in the heavy-light heavy-light system,” Phys. Rev.
D 86, 114506 (2012) [arXiv:1210.1953 [hep-lat]].
[17] B. Blossier, M. Della Morte, G. von Hippel, T. Mendes and R. Sommer, “On the generalized eigenvalue
method for energies and matrix elements in lattice field theory,” JHEP 0904, 094 (2009) [arXiv:0902.1265
[hep-lat]].
